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Pattern formation [Jeong, 2017] Geodesic distance [Crane et al., 2017]

Surface-bound phenomena arise in many applications.

Surface PDEs
Introduction

2

Cell polarization [Miller, F., Muratov, Greengard, Shvartsman, 2021]

Stellarator design [Malhotra et al., 2019]

Thin-film hydrodynamics [Saye, 2016]

Vesicle flows [Veerapaneni et al., 2011]
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Introduction
Surface PDEs

3

Surface PDEs describe the dynamics of such phenomena.
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Implicit time discretization:

Steady-state problem
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L�u(x) = f (x), x 2 �

Time-dependent problem

Linear Nonlinear
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• Laplace–Beltrami

• convection–diffusion

• steady Stokes

• reaction–diffusion

• heat

• Navier–Stokes

<latexit sha1_base64="BQ3qQrj1/36inbWODT5Gm++/Fyg="></latexit>

r� · (A(x)r�u(x)) +r� · (b(x)u(x)) + c(x)u(x) = f (x)Model surface PDE:
( + BCs if surface is not closed) 



/ 22

Surface PDEs
Differential operators

4
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5 : R2 ! R3
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r�u = [x⇠ x⌘] g�1 r⇠⌘u

• Metric tensor                                   encodes how lengths and angles change along surface.
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�

• Surface gradient:

• Surface divergence:

• Laplace–Beltrami:
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• Many ways to represent a surface. Meshes are a good choice for CAD-compatibility.

• High-order elements allow faster convergence to solution.

• Coordinate maps of a patch are discretized via tabulation at Chebyshev nodes.

Low-order vs. high-order
Surface representation

5

Coarse Fine

Low order

High order
Tensor-product


Chebyshev nodes



/ 22

• Function values also stored at Chebyshev nodes.

• Derivatives and metric information (e.g. Jacobian) computed via spectral differentiation.

High-order discretization
Spectral collocation

6
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• In general, the PDE results in a                            linear system,              , which we can invert directly.

• PDE is discretized through spectral differentiation and pointwise multiplication.

Spectral collocation on a surface
High-order discretization

7
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• For example, the discrete tangential   -derivative operator is:
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High-order discretization
Two glued patches
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• Know how information flows out of each element:  “Dirichlet-to-Neumann map”
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A fast direct solver on surfaces
Hierarchical Poincaré–Steklov method

9

Key idea: Recursively glue elements together in a hierarchy.

Gunnar Martinsson Adrianna Gillman
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Key idea: Recursively glue elements together in a hierarchy.
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Build element operators
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A fast direct solver on surfaces
Hierarchical Poincaré–Steklov method

9

Key idea: Recursively glue elements together in a hierarchy.

Gunnar Martinsson Adrianna Gillman

<latexit sha1_base64="wXask4EOsQKGD0d3DmoFJPkNik0="></latexit>

O(N logN)Apply solution operators

<latexit sha1_base64="+fcb6V+ZwjBqc8/5RWKSLhX1pOk="></latexit>

N3/2 + N logN
<latexit sha1_base64="kHd81VtvrbCxixJjICzP3WEw/JQ="></latexit>| {z } <latexit sha1_base64="hIvBrVVPuiJfD5MG+gY6qRDT8N0="></latexit>| {z }

Factorization Solve

Factorization results in a hierarchy of solution operators

stored in memory, so repeated solves are fast.



/ 22

Laplace–Beltrami and rank deficiency

10

A fast direct solver on surfaces

• The Laplace–Beltrami problem on a closed surface is rank-one deficient, but is uniquely solvable under the 
mean-zero conditions:

<latexit sha1_base64="PuuKgM7NxIerkgnICQ3i94GGeS8="></latexit>Z

�
f = 0

<latexit sha1_base64="7rzeYDOU/Iw3W0gESB4dnbwVeNo="></latexit>Z

�
u = 0

• In HPS, this rank deficiency is only seen in the final gluing:

and

• We use the “ones matrix” to fix the rank deficiency at the top level:

<latexit sha1_base64="Jcjnf1fiUnoMdQDpYPxtVSrqAuY="></latexit>

dim
⇣
null

⇣
DtN glue

1 + DtN glue
2

⌘⌘
= 1

<latexit sha1_base64="zkcwcEpB1Ef9YPCqImAaTfrzVXs="></latexit>

��u = f

<latexit sha1_base64="A1DY9p84ZUhk9Ot/zHUHwB41jaE="></latexit>

dim
⇣
null

⇣
DtN glue

1 + DtN glue
2 + 11T

⌘⌘
= 0
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Examples
Laplace–Beltrami and convergence

11

<latexit sha1_base64="A+1GzqSoYtTTzPefkvcPt1nTcTw="></latexit>

��u = f , � = sphere

<latexit sha1_base64="XxtUxv1LPTqslyUZG1flV5s0p34="></latexit>

f (x) = �`(`+ 1)Ym
` (x)

<latexit sha1_base64="XkAHgZOvDNB5b51SpfMG0+dSyFY="></latexit>

u(x) = spherical harmonic, Ym
` (x)
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Examples
Laplace–Beltrami: “accuracy vs. effort”

12

[O’Neil, 2018]

[Im
bert-Gérard & 

Greengard, 2017]

Data from [Malhotra et al., 2019]
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Examples
Laplace–Beltrami with corners

13

Glue conditions also allow for sharp interfaces and corners. 

<latexit sha1_base64="bQJtQkM7D/Agw7fK6dr3pifoS7k=">AAACB3icbVDJSgNBEO1xjXGLehSkMQiewkwQ9Rj04kWIYBZIhtDTqUma9DJ096gh5ObFX/HiQRGv/oI3/8bOctDEBwWP96qoqhclnBnr+9/ewuLS8spqZi27vrG5tZ3b2a0alWoKFaq40vWIGOBMQsUyy6GeaCAi4lCLepcjv3YH2jAlb20/gVCQjmQxo8Q6qZU7aHKiO4CvyQMTqcCJYtLeMwMYtFa6lcv7BX8MPE+CKcmjKcqt3FezrWgqQFrKiTGNwE9sOCDaMsphmG2mBhJCe6QDDUclEWDCwfiPIT5yShvHSruSFo/V3xMDIozpi8h1CmK7ZtYbif95jdTG5+GAySS1IOlkUZxybBUehYLbTAO1vO8IoZq5WzHtEk2oddFlXQjB7MvzpFosBKeFk5tivnQxjSOD9tEhOkYBOkMldIXKqIIoekTP6BW9eU/ei/fufUxaF7zpzB76A+/zBzzhmY8=</latexit>

M
axim

u
m

p
ointw

ise
error
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Examples
Laplace–Beltrami with corners

14

Glue conditions also allow for sharp interfaces and corners… but high-order convergence may be lost.

<latexit sha1_base64="SWBtWP0ai/ZBCmlhmpFw3IImhHE="></latexit>

O(h 2
)
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Examples
Hodge decomposition

15

divergence-free curl-free harmonic

<latexit sha1_base64="zuDXRSoml7evwCFrpH1Jaoot90k="></latexit>

f = r�u + n ⇥r�v + w
<latexit sha1_base64="kHd81VtvrbCxixJjICzP3WEw/JQ="></latexit>| {z } <latexit sha1_base64="hIvBrVVPuiJfD5MG+gY6qRDT8N0="></latexit>| {z }

curl-free div-free

<latexit sha1_base64="yLQb2DCOjD7QSOXjo6RBHc9fmlQ="></latexit>|{z}
harmonic

Any smooth vector field    tangent to a surface can be written as:

where     satisfies <latexit sha1_base64="5MpAY4Lx/fBkRAQqb0sEmcBjGAc="></latexit>

r� · w = 0
<latexit sha1_base64="f+WLKATpNMbC4pHb2Qr/dQdp38s="></latexit>

r� · (n ⇥ w) = 0and<latexit sha1_base64="ZVokzJicLM/tLYKBbcrqbOUICZI="></latexit>w

Illustration by Keenan Crane

<latexit sha1_base64="ZljmeS7vyLUinx1rp7XvwtM8hgE="></latexit>

f

.

Such decompositions play an important role in integral

representations for computational electromagnetics.
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<latexit sha1_base64="yLQb2DCOjD7QSOXjo6RBHc9fmlQ="></latexit>|{z}
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Any smooth vector field    tangent to a surface can be written as:

where     satisfies <latexit sha1_base64="5MpAY4Lx/fBkRAQqb0sEmcBjGAc="></latexit>

r� · w = 0
<latexit sha1_base64="f+WLKATpNMbC4pHb2Qr/dQdp38s="></latexit>

r� · (n ⇥ w) = 0and<latexit sha1_base64="ZVokzJicLM/tLYKBbcrqbOUICZI="></latexit>w

Illustration by Keenan Crane

<latexit sha1_base64="ZljmeS7vyLUinx1rp7XvwtM8hgE="></latexit>

f

.

<latexit sha1_base64="eJPfDMPuoHpqcy0qwos1Ab2SjTc="></latexit>

��u = r� · f
<latexit sha1_base64="lRNNHweIH4qut4rykNlOlyDCPuM="></latexit>

��v = �r� · (n ⇥ f )
<latexit sha1_base64="Sal6STPRy8usKtHBoud5c4T9qMI="></latexit>

w = f �r�u � n ⇥r�v

One may compute this decomposition by solving

and then setting .

Such decompositions play an important role in integral

representations for computational electromagnetics.
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divergence-free curl-free harmonic

Examples
Hodge decomposition
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Examples
Hodge decomposition: “accuracy vs. effort”

17

[Agarwal, O’Neil, Rachh, 2021]

Data from Manas Rachh
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Examples
Reaction–diffusion systems

18

<latexit sha1_base64="FCwT3+oztVJlX7EHOJJDMzbR0zs="></latexit>

@u
@t = L�u +N (u) on �

<latexit sha1_base64="opEzqQSZsR4xGzxcsgVvV2lizQw="></latexit>| {z }
Stored in RAM, 
very fast apply

<latexit sha1_base64="g6kxNcvEI2NrXZ2wLzbM2FVyCIs="></latexit>

uk+1 = (I ��tL�)
�1 �uk +�tN (uk)

�

• Reaction and diffusion timescales are often orders of magnitude different.

(e.g. backward Euler)

• If geometry, time step, and parameters do not change with time, we can precompute 
a solver once and reuse it at every step.

• Implicit time-stepping can alleviate stability issues (e.g., backward Euler or IMEX-BDF4)

<latexit sha1_base64="FCwT3+oztVJlX7EHOJJDMzbR0zs="></latexit>

@u
@t = L�u +N (u) on �

Diffusion Reaction

<latexit sha1_base64="NReV5epS0MpFV421uYuCfp12lBI="></latexit>| {z }<latexit sha1_base64="kHd81VtvrbCxixJjICzP3WEw/JQ="></latexit>| {z }
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Examples
Reaction–diffusion systems



20



20



/ 22

Eigenvalue problems
Examples

21

with Mengjian Hua (NYU) and Dhairya Malhotra (Flatiron)

<latexit sha1_base64="y7+61HA97GWG4oZ2Mjh6hbbzYHk="></latexit>

��u = �u

<latexit sha1_base64="kgnM28f7n7bq4Fo+DRZJ+zY/kCo="></latexit>

� = �10.93...
<latexit sha1_base64="pqT6HsxXC3laXmeloFGtfqCmRQM="></latexit>

� = �998.11...
<latexit sha1_base64="4wriaDsMrh1Cg4wZJiITZp0uwMU="></latexit>

� = �1000.56...
<latexit sha1_base64="zX3WFQPwApanZCf9rSVyikSh6kI="></latexit>

� = �44.66...

Simultaneous inverse iteration:
<latexit sha1_base64="+kGM3KhcdvqXdKDbjjaFCFyxwb0="></latexit>

Q(0) = rand(N,m)

for k = 1, 2, . . .

Z (k�1) = ��1
� Q(k�1)

Q(k)R(k) = Z (k�1)

Stored in RAM, 
very fast apply
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Software
github.com/danfortunato/surface-hps

22

• Provides abstractions for computing with functions on surfaces in MATLAB.
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Thank you


